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Introduction

In this thesis two different generalizations of Davis-Januszkiewicz
spaces are presented. The aim was not to generalize for the sake of
abstractness, or because “it was possible” to do so. Quite the con-
trary, abstracting in different directions certain interesting properties
of Davis-Januskiewicz spaces made it possible to concisely solve two
distinct problems in combinatorial commutative algebra and alge-
braic topology.

The material presented in this thesis is historically rooted in the
the topological study of toric varieties. Toric varieties started playing
an important role in algebraic geometry at beginning of the 1970’s;
with the development of their theory came the progressive realiza-
tion that they possess an intrinsic combinatorial structure. Since then
the theory of toric varieties is characterized by a deep interplay be-
tween algebra, geometry, combinatorics and topology. Nowadays
there are many elegant applications in areas as physics, coding the-
ory, statistics and geometric modeling.

In the early nineties, Mike Davis and Tadeusz Januskiewicz ([15])
showed that many of the properties of toric varieties are essentially
topological in nature, thus opening a whole new subject which is
now sometimes referred to as toric topology ([9], [10]). In their study,
Davis-Januskiewicz spaces play a central role as “universal spaces”
that embody some of the topological properties of toric varieties,
and from which informations about their combinatorial and alge-
braic structure can be deduced. An illuminating example is pro-
vided by Stanley-Reisner rings. Without going too much into the
details of the construction, let us give an outline with some degree
of mathematical correctness. Let P be simple polytope, e.g. a 2-
dimensional polygon. To P one can associate three distinct objects
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2 INTRODUCTION

in a canonical way: its toric variety M P (a smooth algebraic va-
riety), its Davis-Januskiewicz space DJ P (an infinite-dimensional
topological space) and its Stanley-Reisner ring SR P (a commuta-
tive ring). The cohomology ring of DJ P turns out to be isomorphic
to SR P and a certain quotient of SR P , dependent on the combi-
natorics of P, turns out to be isomorphic to the cohomology ring of
M P

Aside from being a combinatorial invariant of the simplicial com-
plex it arises from, the Stanley-Reisner ring of a simplicial complex
has a number of properties that makes it tractable from an algebraic
(and computational) point of view. For example, it is a quotient of a
polynomial algebra by a squarefree monomial ideal, i.e. an ideal gener-
ated by squarefree monomials. Monomial ideals have many charac-
teristics that make them easier to handle than arbitrary ideals, think
for example of the theory of Gröbner bases. The study of Stanley-
Reisner rings is especially important in light of the fact that every
quotient of a polynomial algebra by a squarefree monomial ideal is
actually the Stanley-Reisner ideal of some simplicial complex. What
happens in the case of an arbitrary monomial ideal? Can one think of
similar combinatorial or topological techniques to study them? Part
of this thesis is motivated exactly by these questions. The answer is
yes, and one of the main results presented here is that one can see
monomial rings as algebraic invariants of simplicial multicomplexes,
generalizations of simplicial complexes. It is furthermore proved
that to every simplicial multicomplex one can associate a generalized
Davis-Januszkiewicz space whose cohomology ring is isomorphic to
the generalized Stanley-Reisner ring. The relation between “classi-
cal” and “generalized” Davis-Januszkiewicz spaces is not just one
of method: in this thesis is also derived a strong topological connec-
tion (by means of a homotopy fibration) between these two kinds of
spaces.

Another interesting feature of Davis-Januszkiewicz spaces is the
availability of various topological techniques to construct them. They
can be thought as equivariant orbit spaces or Borel constructions;
they can be interpreted as homotopy colimits over a certain poset
category; they can be constructed as cellular complexes, in a combi-
natorial fashion, by putting together cells corresponding to faces of
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a simplicial complex. This last method is actually a special example
of a more general (and with a history going back to Coxeter in the
1930’s) construction called the moment-angle complex. Specifically, a
Davis-Januszkiewicz space is the moment-angle complex over CP ,
the infinite complex projective space, or over RP , the infinite real
projective space. Noting that CP is the classifying space BS1 of
the circle group, and that RP is the classifying space BZ2 of the
group of mod-2 integers shows that a natural extension is to con-
sider moment-angle complexes over arbitrary classifying spaces BG,
for G a topological group. In this thesis we call these generalized
Davis-Januszkiewicz space GDJ-spaces.

The natural motivation for the study of GDJ-spaces comes again
from the theory of toric varieties. Starting from the original work of
Davis and Januszkiewicz, one can show that every real toric variety,
meaning the real part of a complex projective smooth toric variety,
is up to homotopy a regular abelian covering space of a GDJ-space.
This simple, but powerful in its implications, fact motivates the study
in this work of GDJ-spaces and their applications.

Another angle on GDJ-spaces is provided by a striking property
shared by a certain class of moment-angle complexes: under certain
conditions they are K p, 1 -spaces, that is, their only non-trivial ho-
motopy group is the first one. Their cohomology groups with local
coefficients are then the cohomology groups with local coefficients of
their fundamental groups. The fundamental group of a GDJ-space is
a graph group, an object studied by algebraists for independent rea-
sons and the techniques presented in this thesis can be used to com-
pute its cohomology and that of all its abelian quotients.

Outline and main results

As discussed in the previous section, this thesis deals with two
different generalizations of Davis-Januszkiewicz spaces; for the sake
of clarity, the original construction of [15] will be called from now on
the classical Davis-Januskiewicz space.

Part I: Preliminaries. In Part I we introduce the objects that will
be needed throughout the rest of the thesis and review or develop
the theory behind them.
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In Chapter I we introduce the notion of a simplicial multicomplex
(called simply a multicomplex), a combinatorial object that general-
izes a simplicial complex, and study some of its properties. In partic-
ular, we show how to associate to any multicomplex a commutative
ring which encodes its algebraic properties and plays the same role
as Stanley-Reisner rings in the theory of simplicial complexes.

In Chapter II we review some equivariant homotopy and homol-
ogy theory and prove some basic results that are used in Chapter IV
to study GDJ-spaces.

In Chapter III we review the construction and properties of moment-
angle complexes and diagrams of spaces and derive some prelimi-
nary results that will be used in Chapters IV and V to study GDJ-
spaces and Davis-Januskiewicz spaces of multicomplexes.

Part II: Generalized Davis-Januszkiewicz spaces. Part II carries
most of the novel results and forms the core of this work.

In Chapter IV we develop the theory of GDJ-spaces and their regu-
lar abelian covers. The first main result of this thesis, Theorem IV.2.7
appears here. It states that the cohomology of an abelian covering
space of the GDJ-space associated to a simplicial complex K is deter-
mined combinatorially by certain subcomplexes of K. The formula is
explicit: its ramifications are explored in Part III.

Chapter V begins by showing how to associate to a multicomplex
a Davis-Januskiewicz space and.This is done by constructing a col-
imit over the category of multisimplices of the multicomplex, similar
in the way a classical Davis-Januszkiewicz space can be seen as a
colimit over the faces of a simplicial complex.

The first main result of this chapter is Theorem V.1.6, which states
that the cohomology ring of the Davis-Januszkiewicz space of a mul-
ticomplex K is isomorphic to the Stanley-Reisner ring of K. The sec-
ond main result is Theorem V.2.3, which states that Davis-Januszkiewicz
spaces can be obtained as homotopy fibers of a certain map from
a classical Davis-Januszkiewicz space to the classifying space of a
torus. This reflects topologically a well-known algebraic construc-
tion called polarization.

Part III: Further applications. Part III deals with applications of
the theory of GDJ-spaces to the study of real toric varieties, one of
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the topics that motivates the introduction of GDJ-spaces in the first
place.

In Chapter VI we review some basic constructions in toric topol-
ogy and translate the results of Chapter IV to this setting. In par-
ticular it is proven how to identify up to homotopy real quasi-toric
varieties with regular abelian covers of GDJ-spaces.

Chapter VII is concerned with real toric varieties of small dimen-
sion and how to study them using the methods developed in Chapter
IV and VI. In particular we compute the integral cohomology groups
of all real toric varieties over the regular dodecahedron.

A note on publications

Most of the material regarding Davis-Januszkiewicz spaces ap-
pears in the published article [44]. Similarly, most of the material
regarding GDJ-spaces appears in the article [43] in preparation to-
gether with Alexandru I. Suciu, to whom I am greatly indebted, both
personally and mathematically.


